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ON THE SO-CALLED VON NEUMANN-NUMBERS 
BY 
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(Communicated at the meeting of May 26, 1962) 
l. In a well-known paper J. VON NEUMANN [1, 2] has effectively given 
a set of real numbers (the "Von Neumann-numbers") with the power 
of the continuum and with the property that n arbitrarily chosen dif-
ferent numbers of this set are always algebraically independent with 
respect to the field of rational numbers. 
This res-qlt has been used a.o. for the purpose of constructing free 
groups with certain properties. Compare e.g. J. DE GROOT [1], T. J. 
DEKKER [1, 2], J. MYCIELSKI and S. SWIERCZKOWSKI [1]. 
The idea basic to Von Neumann's paper is very simple, but it is obscured 
in some way by lengthy calculations. Recently, HELLMUTH KNESER [1] 
has given another treatment of the same problem which is much simpler 
and at the same time more general. As a special case he finds the following 
result: 
Let 00 f(u) def L 2-[mm+u], 
[mm+u] denoting as usual the largest integer .;;;; mm+u. If U1, u 2, ... , Un are 
arbitrarily chosen different numbers from the interval [0, 1), then the n 
numbers f(ul), f(u2), ... , f(un) are algebraically independent. 
In this note we try to give a still more general treatment which shows, 
in our opinion, the basic principles even better. Instead of sets of real 
numbers we consider here more generally sets of elements of a complete 
valu~d field. In a second paper the first author will apply the method 
we have used here to obtain similar results for elements of a differential 
field. 
2. In the sequel let F denote a valued field. If a is an arbitrary element 
ofF, then let lal denote its valuation, so that a). 101 =0, lal >0 for a¥o0, b). 
labl=lallbl, and c). la+bl<lal+lbl. We suppose in the following that F 
is complete with respect to this valuation. Moreover let R denote a sub-ring 
of F with the property that I al > 1 for any a ¥o 0 from R. Finally we suppose 
that R contains at least one element a with I al > I. 
We first shall prove two lemmas from which our main result follows 
easily. 
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Lemma l. Let n denote an arbitrary positive integer, let 
(v= l, 2, ... , n), 
where a.m, fJm are non-vanishing elements of the sub-ring R with lfJml --+ = 
if m --+ ex:>. Moreover let, if m --+ =, 
(l) 
Let 
fa.ml =o(ianml) for Y= l, 2, ... , n-11) 
fanml =O(fbm-11 ), where bm = {Jo fh ... fJm, 
log fbm-11 =o(log fbmi). 
f(xt, ... , Xn) = I C(h) xlhl ..• Xnhn 
(h) 
denote an arbitrarily chosen polynomial in the indeterminates x1, ... , Xn 
over R. Then the two relations 
(2) 
cannot be satisfied simultaneously. 
Proof. Let us suppose that there exists a polynomial f(xt, ... , Xn) 
over R satisfying both relations (2). We shall reach a contradiction by 
applying Taylor's formula in the form 
n 
f(xl +y1, ... , Xn+Yn)=f(xl, ... , Xn) + I Yv f. (x1, ... , Xn) 
+ I YvYf.Jv'"(Xl, ... , Xn) + ... , 
l<v~p-~n 
where the right-hand side contains only a finite number of terms, and 
where 
fv (Xt, ... , Xn) 
f •• (x1, ... , Xn) "'(h•) C hl X hv-2 X h £.., 2 (h)Xl • • · v · · • n n 
(h) ' 
f.l'(x1, ... , Xn) 
etc. 
Let k denote a positive integer, later to be chosen arbitrarily large. Let 
k-1 a B def "' ~ 
vk - m-'f:o bm ' (v= l, 2, ... , n), 
so that B.k=A.+vvk· Applying Taylor's formula with x.=A., y.=v.k 
1) This condition has to be cancelled if n = l. 
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and using j(A1, ... , An)= 0, we obtain 
n 
f(Blk, ... , Bnk) = .2 v.~cf.(AI, ... , An) 
(3) + _2 v."v"kf."(AI, ... , An) 
l~v~{(~n 
+ .... 
From the definition of v." one obtains 
hence by (1) 
I avk I = O ( 00 Ibm-II) v." + b .2 lb I 
k m ~k+l m 
00 
= 0( .2 jbm-lj-2) 
m~k+l 
or 
(4) vvk = _ ~~ + O(jbkj-2) if k--+ CXl (v= 1, 2, ... , n). 
It follows therefore from ( 1) 
(v=1,2, ... ,n) 
and also 
Hence, using (3), 
We have assumed fn(AI, ... ,An)i'O and from (4) we derive Vnki'O for 
sufficiently large k. Therefore 
f(Blk, ... , Bnk)i'O for k-;;;.ko. 
From the definition of B.k it follows 
k-l 
bk-lBvk = {Jo(h ... fJk-lBvk = .2 avmfJm+IfJm+2 ... fJk-l E R, 
m~o 
hence, if the total degree of j(x1, ... , Xn) is denoted by s, 
b~_ 1j(Blk, ... , Bnk) E R. 
For k > ko this element does not vanish, hence on account of the definition 
of the sub-ring R 
(6) 
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On the other hand, it follows from (5) and (4) for k -J> = 
(7) if(Blk, ... , Bnk)i = O(lvnki) = 0 Clbnj 1 ) = 0 c~~:l'). 
Comparing (6) and (7) we obtain for sufficiently large k 
where 0 stands for a positive number independent of k. This last in-
equality contradicts (1), which proves our lemma. 
Lemma 2. Let the valued field F and its sub-ring R be given as 
before. Moreover let F be of characteristic zero. 
Let A1, A 2, ... , An be defined as in the preceding lemma. Then An is 
transcendental over the ring R[A1, ... , An-d generated from R by 
A1, A2, ... , An-1· 
Proof. Suppose that An is algebraic over R[A1, ... , An-d so that 
An satisfies an equation 
where the coefficients 
(e=O, l, ... ,r) 
do not vanish simultaneously and where de,h1 , ... ,hn-l E R. We may 
suppose that the equation is of minimal degree r. It follows Dr+O, hence 
r Dr+ 0 and therefore An cannot satisfy the equation 
Put 
and 
r 
j(x1, ... , Xn) def L DQ(X1, ... , Xn-l)XnQ· 
e~o 
Then f(xi. ... , Xn) represents a polynomial over R with 
of j(A1, ... , An) = 0, ~ (A1, ... , An) + 0. 
uXn 
But this contradicts the assertion of our preceding lemma l. 
3. Our main result is the following theorem: 
Theorem. Let the valued field F and its sub-ring R be defined as before. 
Let F be of characteristic zero and let R contain the unity-element of F. 
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Let 
A =I avm 
v m ~ o {Jo fJ1 · · · fJm (v = l, 2, ... , n), 
where avm' fJm denote non-vanishing elements of the sub-ring R with lfJml--o-- = 
if m --o-- CXJ. Moreover let for m --o-- = 
la1ml = o(la2ml), la2ml =o(lasml), ... , lan-1,ml =o(lanml) 
lanml =O(Ibm-11), where bm={Jo fJ1 ... fJm, 
log lbm-11 =o(log lbml). 
Then A1, A 2, ... , An are algebraically independent over R. 
Proof. Let k denote an arbitrary integer from the sequence I, 2, ... , n. 
Then clearly for m --o-- = 
la,ml = o(lakmi) for X= I, 2, ... , k-l 
lakml =O(Ibm-11), log lbm-11 =o(log Ibm!). 
Therefore we can apply lemma 2 with Ar, ... , Ak instead of Ar, ... , An. 
It follows that Ak is transcendental over the ring R[Ar, ... , Ak-1]. This 
is true for k= 1, 2, ... , n. Hence (compare e.g. JACOBSON [I], p. I05, 
lemma), the elements A1, ... ,An ofF are algebraically independent over R. 
4. In this final section we mention some corollaries of our theorem 
and sketch the proofs. 
a). Consider the function cp( u) of the real variable u defined by 
u > 0. 
If u1, u 2, ••• , Un are arbitrarily chosen different non-negative numbers, 
then cp(u1), cp(u2), ... , cp(un) are algebraically independent over the field of 
rational numbers. 
For the proof take in our theorem for F the field of real numbers, for 
R the ring of integers. We may suppose 0 <; u1 < u2 < . . . < Un. Then take 
b). Consider the sequence of power series 
00 00 00 
"C xmm-1 "C xmm-m "C xmm-mk, .... £,., ' £., ' ... , .£.. 
m~l m~l m~l 
Any n-tuple of series, taken from this sequence, are algebraically in-
dependent over the ring of all polynomials with real coefficients. 
For the proof take for F the field of all formal power series 
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where r denotes an arbitrary integer and where the coefficients ag are 
real numbers. F becomes a complete valued field by putting 
IAI =e-r if aro!O. 
Take for R the ring of all polynomials in x-1• Then in order to prove the 
algebraic independence of the first n series of the sequence, put a.0 = 0, 
a.m=x-m•, bm=x-mm (v=O, 1, ... , n-1; m= 1, 2, ... ). 
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